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“De-phasing” of GWs
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Black Hole Environments

Black Holes (BHs) are extreme environments allowing us to probe high densities, long timescales…

Particle Dark Matter  
‘Spikes’ or ‘Dresses’

‘Gravitational Atoms’ of 
Ultralight Bosons

Baryonic  
Accretion Disks
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Dark Matter Spikes (1)
‘Spikes’ or ‘dresses’ of cold, particle-

like DM may form around BHs: 

“Astrophysical scenario”
[astro-ph/9906391, astro-ph/0509565, 

1305.2619, …]

“PBH scenario”
[Bertschinger  (1985), astro-ph/0608642, 

1901.08528, …]

From the slow (‘adiabatic’) 
growth of a BH at the centre of a 

DM halo

Around BHs which form from 
large density fluctuations in the 

early Universe  
(i.e. Primordial Black Holes)

https://arxiv.org/abs/astro-ph/9906391
https://arxiv.org/abs/astro-ph/0509565
https://arxiv.org/abs/1305.2619
https://ui.adsabs.harvard.edu/abs/1985ApJS...58...39B/abstract
https://arxiv.org/abs/astro-ph/0608642
https://arxiv.org/abs/1901.08528
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Dark Matter Spikes (2)
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Self-annihilation ‘core’

[0806.2911]

<latexit sha1_base64="ndw/pLhFUC+xTF9bLaFWop6ULrQ="></latexit>
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<latexit sha1_base64="b1hcuAveNYXB3vPQUSlIj5K/R1I="></latexit>

⇢DM, local ⇠ 10�2 M�/pc
3 Think instead about non-annihilating DM

DM self-annihilation can suppress the spike density, 
but can still lead to large (diffuse and point source) 

fluxes of gamma-rays and neutrinos
[E.g. Bertone, Coogan, Gaggero, BJK & Weniger, 1905.01238]

https://arxiv.org/abs/0806.2911
https://arxiv.org/abs/1905.01238
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Equal-mass binaries [BJK, Gaggero & Bertone, 1805.09034]

[Movies here]

https://arxiv.org/abs/1805.09034
https://figshare.com/articles/dataset/Dressed_Primordial_Black_Hole_Binaries_-_Animations/6298397
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GW Sensitivity

© AEI / MM / exozet

Laser Interferometer Space Antenna  
(planned for the 2030s)

[1907.06482]

Einstein Telescope
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https://arxiv.org/abs/1907.06482
https://arxiv.org/abs/1912.02622
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Impact of DM Spikes

Dynamical Friction

DM Accretion

Additional 
enclosed

 mass

[See e.g. Macedo et al., 1302.2646; Cardoso & Maselli, 1909.05870]

https://arxiv.org/abs/1302.2646
https://arxiv.org/abs/1909.05870
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m1 = 1000M�

m2 = 1M�

�sp = 7/3

⇢6 = 5.45⇥ 1015 M� pc�3

https://arxiv.org/abs/1302.2646
https://arxiv.org/abs/1909.05870
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<latexit sha1_base64="EA8OtJxEth7fy/tVnUZWMaTZO2g="></latexit>

ĖDF ⇠ 4⇡G2m2
2⇢DM(r)⇠(v)

v
ln⇤

https://arxiv.org/abs/1302.2646
https://arxiv.org/abs/1909.05870
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Dephasing of IMRIs

[See e.g. Eda et al. 1301.5971, 1408.3534, Macedo et al., 1302.2646; Cardoso & Maselli, 1909.05870]

�Ėorb = ĖGW + ĖDF
<latexit sha1_base64="1ArV/ebZDYGt7kzAhcA9JFoidcY=">AAACKnicbVBJSwMxGM241rqNevQSLAVBLFMtLgel4nqsYBdohyGTZtrQzEKSEcowv8eLf8VLD0rx6g8xMx1EWx8EHu/lS7737IBRIQ1jrM3NLywuLedW8qtr6xub+tZ2Q/ghx6SOfebzlo0EYdQjdUklI62AE+TajDTtwXXiN58JF9T3nuQwIKaLeh51KEZSSZZ+ddjp+jK6ja2Oi2Sfu5HP7RhewGn5vhnDgxn15i629IJRMlLAWVLOSAFkqFn6SL2CQ5d4EjMkRLtsBNKMEJcUMxLnO6EgAcID1CNtRT3kEmFGadQYFpXShY7P1fEkTNXfExFyhRi6KkIxWVFMe4n4n9cOpXNmRtQLQkk8PPnICRmUPkx6g13KCZZsqAjCnKpdIe4jjrBU7ebTEs4TnPxEniWNo1L5uFR5rBSql1kdObAL9sA+KINTUAUPoAbqAIMX8AbewYf2qo20sfY5uTqnZTM74A+0r2/Nr6g9</latexit>
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https://arxiv.org/abs/1909.05870
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Halo Feedback

r2
<latexit sha1_base64="s1e16kYsqY77ItgbVrjI+AG2yH8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqqXqRghePFe0HtKFstpt26WYTdjdCCf0JXjwo4tVf5M1/4yYNotYHA4/3ZpiZ50WcKW3bn1ZhZXVtfaO4Wdra3tndK+8fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa9Tv/tApWKhuNeziLoBHgvmM4K1ke7ksDYsV+yqnQEtEycnFcjRGpY/BqOQxAEVmnCsVN+xI+0mWGpGOJ2XBrGiESZTPKZ9QwUOqHKT7NQ5OjHKCPmhNCU0ytSfEwkOlJoFnukMsJ6ov14q/uf1Y+1fuAkTUaypIItFfsyRDlH6NxoxSYnmM0MwkczcisgES0y0SaeUhXCZovH98jLp1KrOWbV+W680r/I4inAEx3AKDpxDE26gBW0gMIZHeIYXi1tP1qv1tmgtWPnMIfyC9f4FG/aNzw==</latexit>

bmax
<latexit sha1_base64="59PJBBAiNQ9zZ3ZESeKxzTuDllI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8mkmTY0yQxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7G15nffqBKs0jemUlMfYGHkoWMYGOl+6DfE9iMlEgFfpr2yxW36s6AlomXkwrkaPTLX71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+Oks9RSdWGaAwUvZJg2bq740UC60nIrCTWUa96GXif143MeGlnzIZJ4ZKMj8UJhyZCGUVoAFTlBg+sQQTxWxWREZYYWJsUSVbgrf45WXSqlW9s2rt9rxSv8rrKMIRHMMpeHABdbiBBjSBgIJneIU359F5cd6dj/lowcl3DuEPnM8fJMuS7g==</latexit>

Follow semi-analytically the 
phase space distribution of DM:

Compact object scatters with 
all DM particles within ‘torus’ of 

influence over one orbit

Each particle receives a ‘kick’  
through gravitational scattering

E = �(r) � 1

2
v2

<latexit sha1_base64="QqGosv+mkhoAFB3L+PP9EcoNfCM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpJUQTdKQQSXFewDmlgm00k7dDIJM5NCCfkCN/6KGxeKuHXtzr9x0mahrQdmOJxzL/fe40WMSmVZ38bS8srq2npho7i5tb2za+7tt2QYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Ttja4zvz0mQtKQ36tJRNwADTj1KUZKSz2z7ARIDTFiyU166TQkrYjjE8cXCCd2mtRSOH7Qf88sWVVrCrhI7JyUQI5Gz/xy+iGOA8IVZkjKrm1Fyk2QUBQzkhadWJII4REakK6mHAVEusn0nBSWtdKHfij04wpO1d8dCQqknASersyWl/NeJv7ndWPlX7gJ5VGsCMezQX7MoAphlg3sU0GwYhNNEBZU7wrxEOkslE6wqEOw509eJK1a1T6t1u7OSvWrPI4COARHoAJscA7q4BY0QBNg8AiewSt4M56MF+Pd+JiVLhl5zwH4A+PzB2iOm64=</latexit>

E � E + �E
<latexit sha1_base64="/LUEXErvx0YkhK+7T6ZmazyCBS0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIISZKJiTBFTwGMEskAmhptNJmvQsdNcoYcirePFVvHhQJDfxZewsh5j4Q8PPV1V01e/HUmh0nG9rZXVtfWMzs5Xd3tnd27cPDqs6ShTjFRbJSNV90FyKkFdQoOT1WHEIfMlrfv9mXK89caVFFD7iIObNALqh6AgGaFDLLnoBYI+BTO+G1FOi20NQKnqm8/ycerdcIszDlp1z8s5EdNm4M5MjM5Vb9shrRywJeIhMgtYN14mxmYJCwSQfZr1E8xhYH7q8YWwIAdfNdHLhkJ4a0qadSJkXIp3Q+YkUAq0HgW86xyvqxdoY/ldrJNgpNlMRxgnykE0/6iSSYkTHcdG2UJyhHBgDTAmzK2U9UMDQhJo1IbiLJy+baiHvXuQLD5e50vUsjgw5JifkjLjkipTIPSmTCmHkhbyRD/JpvVrv1pc1mrauWLOZI/JH1s8v3d+j6g==</latexit>

f =
dN

d3r d3v
� f(E)

<latexit sha1_base64="iVnUdNVmSFvyyev1jKow+e3Hglc="></latexit>

Reconstruct density from 
distribution function: 

�(r) =

�
d3vf(E)

<latexit sha1_base64="JE4mkH1K3L9LCMXtpaZeXSXt3dk=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VoNyXRgG6UggguK9gHNLFMppN26OTBzKRQQn7Ejb/ixoUiLtyIf+MkzUJbDwycOfde7rnHjRgV0jC+tdLK6tr6RnmzsrW9s7un7x90RBhzTNo4ZCHvuUgQRgPSllQy0os4Qb7LSNedXGf17pRwQcPgXs4i4vhoFFCPYiSVNNAtm4/DGq/DS2jTQELbR3LM/WSYPpzl3PWSaQq9Wv7BiCU3aX2gV42GkQMuE7MgVVCgNdA/7WGIY58EEjMkRN80IukkiEuKGUkrdixIhPAEjUhf0QD5RDhJfl0KT5QyhF7I1VMOc/X3RIJ8IWa+qzozj2Kxlon/1fqx9C6chAZRLEmA54u8mEEZwiwqOKScYMlmiiDMqfIK8RhxhKUKtKJCMBdPXiad04ZpNaw7q9q8KuIogyNwDGrABOegCW5BC7QBBo/gGbyCN+1Je9HetY95a0krZg7BH2hfP70sobo=</latexit>

[Code available online: 
github.com/bradkav/HaloFeedback] 

[BJK, Nichols, Gaggero, Bertone, 2002.12811]

https://github.com/bradkav/HaloFeedback
https://arxiv.org/abs/2002.12811


14

Co-evolution

[BJK, Nichols, Gaggero, Bertone, 2002.12811]
[Movies: tinyurl.com/GW4DM]

Newtonian motion of the 
binary, taking into 
account: 

• GW emission 
• Dynamical Friction 
• DM Halo Feedback

This is one of the reasons we want to look at IMRIs/EMRIs…
[Code: github.com/bradkav/HaloFeedback]

Density of the DM spike is 
depleted (and replenished…)

https://arxiv.org/abs/2002.12811
http://tinyurl.com/GW4DM
http://GitHub.com/bradkav/HaloFeedback
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Self-consistent Dephasing
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<latexit sha1_base64="9XC84W/nE4muXEB9W952FWtl734=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDIjLbqSghuXFewDOrVk0ts2NJkZkkxhGOZL3PgrblwoIrjSvzFtR9DWA4GTc+7l3nu8kDOlbfvLyq2srq1v5DcLW9s7u3vF/YOmCiJJoUEDHsi2RxRw5kNDM82hHUogwuPQ8sbXU781AalY4N/pOISuIEOfDRgl2ki9YlX3XEH0SIpEgBxCev/znRAaRSLFrmICV7F79mPEMu0VS3bZngEvEycjJZSh3it+uP2ARgJ8TTlRquPYoe4mRGpGOaQFN1IQEjomQ+gY6hMBqpvMzkvxiVH6eBBI83yNZ+rvjoQIpWLhmcrpimrRm4r/eZ1IDy67CfPDSINP54MGEcc6wNOscJ9JoJrHhhAqmdkV0xGRhGqTaMGE4CyevEya52WnUq7cVkq1qyyOPDpCx+gUOegC1dANqqMGougBPaEX9Go9Ws/Wm/U+L81ZWc8h+gPr8xtceqPW</latexit>

Consider our astro benchmark system,  
starting at some initial separation: 

rini � 10�8 pc
<latexit sha1_base64="JG3Z/soQhmnEERskATMp5kSX/ak=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKWpIq2JUU3LisYB/QxDCZTtqhM0mYmQgl5Bvc+CtuXCji1pU7/8ZJG0FbDwycOede7r3HjxmVyrK+jIXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcfXeV+554ISaPwVo1j4nI0CGlAMVJa8sxj4TkcqaHgKQ1pBh1JObStu/S0rj8nP16MM8+sWFVrAjhP7IJUQIGmZ346/QgnnIQKMyRlz7Zi5aZIKIoZycpOIkmM8AgNSE/TEHEi3XRyUgYPtdKHQST0CxWcqL87UsSlHHNfV+YrylkvF//zeokK6q6+NU4UCfF0UJAwqCKY5wP7VBCs2FgThAXVu0I8RAJhpVMs6xDs2ZPnSbtWtc+qtZvzSuOyiKME9sEBOAI2uAANcA2aoAUweABP4AW8Go/Gs/FmvE9LF4yiZw/8gfHxDdIdnYw=</latexit>

Nvacuum
cycles � 6 � 106

<latexit sha1_base64="TaCebaV4K6nIzu25+m8EgcX03EI=">AAACHXicbVDLSsNAFJ34rPUVdelmsAiuSqKl6kYKblxJBfuApi2T6bQdOpOEeRRC6I+48VfcuFDEhRvxb5ykVdR6YODMufdy7j1+xKhUjvNhLSwuLa+s5tby6xubW9v2zm5dhlpgUsMhC0XTR5IwGpCaooqRZiQI4j4jDX90mdYbYyIkDYNbFUekzdEgoH2KkTJS1y5ddz2O1FDwBMeYETnpfP3HCGvNJ9CTlMMy9BTlRELX6ZS7dsEpOhngPHFnpABmqHbtN68XYs1JoDBDUrZcJ1LtBAlFjeck72lJIoRHaEBahgbIOLWT7LoJPDRKD/ZDYV6gYKb+nEgQlzLmvulMN5d/a6n4X62lVf+sndAg0ooEeGrU1wyqEKZRwR4VBCsWG4KwoGZXiIdIIKxMoPkshPMU5e+T50n9uOieFEs3pULlYhZHDuyDA3AEXHAKKuAKVEENYHAHHsATeLburUfrxXqdti5Ys5k98AvW+ycIOKKO</latexit>

<latexit sha1_base64="hXScgj36Z1CNHEh3hE5G7zt2gjM="></latexit>

�Ncycles ⇠ O(104) cycles ⇠ % level

DM dephasing

Change in the number of GW cycles to merger, 
starting at some initial frequency/separation:

<latexit sha1_base64="hIgVGm0DjilLF2SMVXOZTvJYBaQ=">AAACE3icbZDLSgMxFIYz9VbrrerSTbAoIqXM1KJulIIbN0IFe4HOOGTStA1NJkOSEcrQd3Djq7hxoYhbN+58G9N2Ftr6Q+DnO+dwcv4gYlRp2/62MguLS8sr2dXc2vrG5lZ+e6ehRCwxqWPBhGwFSBFGQ1LXVDPSiiRBPGCkGQyuxvXmA5GKivBODyPicdQLaZdipA3y88fcd+DhBXTs+xO3eOO7oiO06+a4X55g6BZhSv18wS7ZE8F546SmAFLV/PyX2xE45iTUmCGl2o4daS9BUlPMyCjnxopECA9Qj7SNDREnyksmN43ggSEd2BXSvFDDCf09kSCu1JAHppMj3VeztTH8r9aOdffcS2gYxZqEeLqoGzOoBRwHBDtUEqzZ0BiEJTV/hbiPJMLaxJgzITizJ8+bRrnknJYqt5VC9TKNIwv2wD44Ag44A1VwDWqgDjB4BM/gFbxZT9aL9W59TFszVjqzC/7I+vwBoxaaRg==</latexit>

m1 = 103 M�

m2 = 1M�



?
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Detectability and more

vs.

Detectability? Discoverability? Measurability?

[Coogan, Bertone, Gaggero,  
BJK & Nichols, 2108.04154]

Adam Coogan

https://arxiv.org/abs/2108.04154
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Detectability
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[1905.11998] 

Assume a signal may be detectable with LISA using matched filtering with a signal-to-
noise ratio (SNR) …≳ 15

NB: Presence of the dark dress  
does not substantially affect SNR

<latexit sha1_base64="1SxxSVEB+jlvG/1qUeedNDm4NxY="></latexit>

ha | bi = 4Re

Z 1

0
df

ã(f)⇤b̃(f)

Sn(f)

Match between waveforms  and 
 defined as:

a
b

<latexit sha1_base64="wvLmPEQik4gkLgO2aVDk7XNWuj8=">AAACGnicbVDLSgMxFM34rPVVdekmWIS6KTNSVASh4MaV1Ecf0Cklk6ZtaCYZkztCGfsdbvwVNy4UcSdu/BvTx0JbDwROzrk3ufcEkeAGXPfbmZtfWFxaTq2kV9fWNzYzW9sVo2JNWZkqoXQtIIYJLlkZOAhWizQjYSBYNeidD/3qPdOGK3kL/Yg1QtKRvM0pASs1M56vIqYJKC1JyJKby+tBzhyc+eZOQ+ILIjuCYYMfsPH16DJoZrJu3h0BzxJvQrJoglIz8+m3FI1DJoEKYkzdcyNoJEQDp/a9tB8bFhHaIx1Wt3Q4h2kko9UGeN8qLdxW2h4JeKT+7khIaEw/DGxlSKBrpr2h+J9Xj6F90ki4jGJgko4/ascCg8LDnHCLa0ZB9C0hVHM7K6ZdogkFm2bahuBNrzxLKod57yhfuCpki6eTOFJoF+2hHPLQMSqiC1RCZUTRI3pGr+jNeXJenHfnY1w650x6dtAfOF8//KWhbw==</latexit>

SNR(s) =
p
hs|si

Optimal SNR for waveform  is 
then:

s

LISA noise curve

[Coogan, Bertone, Gaggero,  
BJK & Nichols, 2108.04154]

<latexit sha1_base64="WT4UWWet9/a4hel+ciSB5K+XRcQ=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahhVJm6nMjFN24ESrYB7R1yKRpG5pMhiQjlKFLN/6KGxeKuPUT3Pk3pu0stPXAhcM593LvPX7IqNKO822lFhaXllfSq5m19Y3NLXt7p6ZEJDGpYsGEbPhIEUYDUtVUM9IIJUHcZ6TuD67Gfv2BSEVFcKeHIWlz1Atol2KkjeTZ+znuuQXIvVIeXsCc69wfFaCbbxVuvJboCO3ZWafoTADniZuQLEhQ8eyvVkfgiJNAY4aUarpOqNsxkppiRkaZVqRIiPAA9UjT0ABxotrx5JERPDRKB3aFNBVoOFF/T8SIKzXkvunkSPfVrDcW//Oake6et2MahJEmAZ4u6kYMagHHqcAOlQRrNjQEYUnNrRD3kURYm+wyJgR39uV5UisV3dPiye1xtnyZxJEGe+AA5IALzkAZXIMKqAIMHsEzeAVv1pP1Yr1bH9PWlJXM7II/sD5/ALvnlgY=</latexit>

(m1,m2) = (103, 1)M�

https://arxiv.org/abs/1905.11998
https://arxiv.org/abs/2108.04154


<latexit sha1_base64="WT4UWWet9/a4hel+ciSB5K+XRcQ=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahhVJm6nMjFN24ESrYB7R1yKRpG5pMhiQjlKFLN/6KGxeKuPUT3Pk3pu0stPXAhcM593LvPX7IqNKO822lFhaXllfSq5m19Y3NLXt7p6ZEJDGpYsGEbPhIEUYDUtVUM9IIJUHcZ6TuD67Gfv2BSEVFcKeHIWlz1Atol2KkjeTZ+znuuQXIvVIeXsCc69wfFaCbbxVuvJboCO3ZWafoTADniZuQLEhQ8eyvVkfgiJNAY4aUarpOqNsxkppiRkaZVqRIiPAA9UjT0ABxotrx5JERPDRKB3aFNBVoOFF/T8SIKzXkvunkSPfVrDcW//Oake6et2MahJEmAZ4u6kYMagHHqcAOlQRrNjQEYUnNrRD3kURYm+wyJgR39uV5UisV3dPiye1xtnyZxJEGe+AA5IALzkAZXIMKqAIMHsEzeAVv1pP1Yr1bH9PWlJXM7II/sD5/ALvnlgY=</latexit>

(m1,m2) = (103, 1)M�
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Discoverability

<latexit sha1_base64="ZDGJV/e+VeGtQnhYJ4h2uUmKCGM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWAR2k1JpKi4KirisoK9QFPKZDJph04uzkwKJeZ13PgqbhQUdeuLOGlT0NYfBn6+cw5zzm+HjAppGJ9abml5ZXUtv17Y2Nza3tF395oiiDgmDRywgLdtJAijPmlIKhlph5wgz2akZQ8v03prRLiggX8nxyHpeqjvU5diJBXq6TXLQ3LAvfjiOik5ZWiR+4iOoOVyhOOw5MCHWcNVUk6mBM5QU6GeXjQ qxkRw0ZiZKYJM9Z7+ajkBjjziS8yQEB3TCGU3RlxSzEhSsCJBQoSHqE86yvrII6IbTy5N4JEiDnQDrp4v4YT+noiRJ8TYs1VnuqOYr6Xwv1onku5ZN6Z+GEni4+lHbsSgDGAaG3QoJ1iysTIIc6p2hXiAVEhShVtQIZjzJy+a5nHFPKlUb6vF2nkWRx4cgENQAiY4BTVwA+qgATB4BM/gDbxrT9qL9qF9TVtzWjazD/5I+/4Btsym6g==</latexit>

BF(d) ⌘ p(d|D)

p(d|V)

<latexit sha1_base64="yAjupDzv1N3Uwm9rkJRtEY946K0=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4qrulqBel4MVjBfsB22XJptk2NMmuSVYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSSKUKbJOGJ6kRYU84kbRpmOO2kimIRcdqOhrdTv/1ElWaJfDCjlAYC9yWLGcHGSv4jukYirJ6L0AtLZbfizoCWiZeTMuRohKWvbi8hmaDSEI619j03NcEYK8MIp5NiN9M0xWSI+9S3VGJBdTCenTxBp1bpoThRtqRBM/X3xBgLrUcisp0Cm4Fe9Kbif56fmfgqGDOZZoZKMl8UZxyZBE3/Rz2mKDF8ZAkmitlbERlghYmxKRVtCN7iy8ukVa14F5Xafa1cv8njKMAxnMAZeHAJdbiDBjSBQALP8ApvjnFenHfnY9664uQzR/AHzucPY1iQBQ==</latexit>

q = m2/m1

Given the data , compare Bayesian evidence 
 for Vacuum and Dressed systems:

d
p(d)

<latexit sha1_base64="v0uNTmmXd3SakZoeDt2+QZOEjuU="></latexit>

p(d) =

Z
d✓L(✓)p(✓)

Astro  
Scenario

PBH 
Scenario

Prior

Likelihood

We’ll call a DM spike discoverable if it can be distinguished from a GR-in-vacuum 
system.

<latexit sha1_base64="TcIBiI84oPx+85igONDu3mgm4uE="></latexit>

✓D = {�sp, ⇢6,M, log10 q}
<latexit sha1_base64="USyvLrQ7mOpCNCEUnUt5yPjY0BY=">AAACJHicbVDLSsNAFJ34tr6qLt0Ei+CqJCIqiCK4cSNUsA/ohDKZ3rSDkwczN0IJ+Rg3/oobFz5w4cZvcdJmodUDwxzOuZd77/ETKTQ6zqc1Mzs3v7C4tFxZWV1b36hubrV0nCoOTR7LWHV8pkGKCJooUEInUcBCX0Lbv7ss/PY9KC3i6BZHCXghG0QiEJyhkXrVU+rHsq9HofkyikNAlvcyGjIcqjBr5fkZlRAgnUicyew6p0oMhkjzXrXm1J0x7L/ELUmNlGj0qm+0H/M0hAi5ZFp3XSdBL2MKBZeQV2iqIWH8jg2ga2jEQtBeNj4yt/eM0reDWJkXoT1Wf3ZkLNTFHaayWFVPe4X4n9dNMTjxMhElKULEJ4OCVNoY20Vidl8o4ChHhjCuhNnV5kOmGEeTa8WE4E6f/Je0DuruUf3w5rB2cV7GsUR2yC7ZJy45JhfkijRIk3DyQJ7IC3m1Hq1n6936mJTOWGXPNvkF6+sb6sCnbg==</latexit>

✓V = {M}

[Code available online: 
https://github.com/adam-coogan/pydd]

Use an approximate waveform 
parametrisation in terms of θD

(maximising over extrinsic variables 
)θext ≡ {DL, ϕc, t̃c}

vs.

[Coogan, Bertone, Gaggero, BJK & Nichols, 
2108.04154]

https://github.com/adam-coogan/pydd
https://arxiv.org/abs/2108.04154
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Astrophysical scenario
<latexit sha1_base64="hIgVGm0DjilLF2SMVXOZTvJYBaQ=">AAACE3icbZDLSgMxFIYz9VbrrerSTbAoIqXM1KJulIIbN0IFe4HOOGTStA1NJkOSEcrQd3Djq7hxoYhbN+58G9N2Ftr6Q+DnO+dwcv4gYlRp2/62MguLS8sr2dXc2vrG5lZ+e6ehRCwxqWPBhGwFSBFGQ1LXVDPSiiRBPGCkGQyuxvXmA5GKivBODyPicdQLaZdipA3y88fcd+DhBXTs+xO3eOO7oiO06+a4X55g6BZhSv18wS7ZE8F546SmAFLV/PyX2xE45iTUmCGl2o4daS9BUlPMyCjnxopECA9Qj7SNDREnyksmN43ggSEd2BXSvFDDCf09kSCu1JAHppMj3VeztTH8r9aOdffcS2gYxZqEeLqoGzOoBRwHBDtUEqzZ0BiEJTV/hbiPJMLaxJgzITizJ8+bRrnknJYqt5VC9TKNIwv2wD44Ag44A1VwDWqgDjB4BM/gFbxZT9aL9W59TFszVjqzC/7I+vwBoxaaRg==</latexit>

m1 = 103 M�

m2 = 1M�
<latexit sha1_base64="73bo0Kw0hIZ2gbde230T/RJm8gE="></latexit>

�sp = 7/3 ⇡ 2.3333 . . .

⇢6 ⇡ 5.45⇥ 1015 M� pc�3

“True” value

[Coogan, Bertone, Gaggero,  
BJK & Nichols, 2108.04154]

https://arxiv.org/abs/2108.04154


<latexit sha1_base64="4tQLHmBRIhVs9/+r1B700v6J7h0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZ8bUs6sKVVLAP6AxDJs20oUlmSDJCGerGX3HjQhG3/oU7/8ZMOwttPRA4nHPvzb0nTBhV2nG+rdLC4tLySnm1sra+sbllb++0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6HV7nffiBS0Vjc61FCfI76gkYUI22kwN7zrgnTCN4GHkd6IHmGR5gRNQ7sqlNzJoDzxC1IFRRoBPaX14txyonQmCGluq6TaD9DUlMzcFzxUkUShIeoT7qGCsSJ8rPJBWN4aJQejGJpntBwov7uyBBXasRDU5mvqWa9XPzP66Y6uvAzKpJUE4GnH0UpgzqGeRywRyXBmo0MQVhSsyvEAyQR1ia0ignBnT15nrSOa+5Z7fTupFq/LOIog31wAI6AC85BHdyABmgCDB7BM3gFb9aT9WK9Wx/T0pJV9OyCP7A+fwC4tZcY</latexit>

�Ncycles

<latexit sha1_base64="H6UBLG8i2z6zUV0WJAAll1DP8j4=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3nX16v6yUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+iwjO8=</latexit>

10

<latexit sha1_base64="nqmbijboPUITklWFQ9xqtnG+BSs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktVnssePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfa8Nyxa26C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJmz4KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedWtW7rtbvryrNRh5HEc7gHC7Bgxtowh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8ADfyNkw==</latexit>

102

<latexit sha1_base64="CCMM0IExIGUVOiuNRpZ1KuRgkeE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVqj0WvHisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPl4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJqz7KZNxYqgki0VhwpGJUPY4GjJFieFTSzBRzN6KyBgrTIyNp2RD8JZfXiXti6p3Xb26r1Ua9TyOIpzAKZyDBzfQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AD4CNlA==</latexit>

103

20

Dressed PBHs [Cole, Coogan, BJK & Bertone, 2207.07576]

In vacuum, expect ~  GW cycles during a one year observation. 
But with a DM spike:

107

<latexit sha1_base64="ZpeMfF84SkaLupPsqQ4uE0hN6Wo=">AAACDXicbVDLSgMxFM3UV62vqks3wSq0UMtMfW6Eohs3QgX7gE4dMmmmDU0mQ5IRytAfcOOvuHGhiFv37vwb08dCqwcuHM65l3vv8SNGlbbtLys1N7+wuJRezqysrq1vZDe36krEEpMaFkzIpo8UYTQkNU01I81IEsR9Rhp+/3LkN+6JVFSEt3oQkTZH3ZAGFCNtJC+7l+eeU4TcKxfgOcw7RbcIHfsuOTgcFtziteeKjtBeNmeX7DHgX+JMSQ5MUfWyn25H4JiTUGOGlGo5dqTbCZKaYkaGGTdWJEK4j7qkZWiIOFHtZPzNEO4bpQMDIU2FGo7VnxMJ4koNuG86OdI9NeuNxP+8VqyDs3ZCwyjWJMSTRUHMoBZwFA3sUEmwZgNDEJbU3ApxD0mEtQkwY0JwZl/+S+rlknNSOr45ylUupnGkwQ7YBXnggFNQAVegCmoAgwfwBF7Aq/VoPVtv1vukNWVNZ7bBL1gf3yvVl+U=</latexit>

(m1,m2) = (1, 10�3)M�

Consider now a binary of sub-solar mass PBHs,  
observed with future ground-based detectors:

Pippa Cole

https://arxiv.org/abs/2207.07576
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Spike properties

<latexit sha1_base64="pmi1vwCeGHVDOKEqbPJRMgizScs="></latexit>

⇢DM(r) = ⇢6

✓
r

10�6 pc

◆��sp

[Cole et al. (including BJK), 2207.07576]

<latexit sha1_base64="qJKD9ZPoWPgYiTh6+QSnpfOXZDQ=">AAAB+3icbVDLSsNAFJ34rPVV69JNsAiuSiK+lkU3LivYBzQh3Ewn7dCZSZiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXPChFGlHefbWlldW9/YrGxVt3d29/ZrB/WuilOJSQfHLJb9EBRhVJCOppqRfiIJ8JCRXji5LfzeI5GKxuJBTxPicxgJGlEM2khBre6NgHMIPA56LHmmkjyoNZymM4O9TNySNFCJdlD78oYxTjkRGjNQauA6ifYzkJpiRvKqlyqSAJ7AiAwMFcCJ8rNZ9tw+McrQjmJpntD2TP29kQFXaspDM1lEVIteIf7nDVIdXfsZFUmqicDzQ1HKbB3bRRH2kEqCNZsaAlhSk9XGY5CAtamrakpwF7+8TLpnTfeyeXF/3mjdlHVU0BE6RqfIRVeohe5QG3UQRk/oGb2iNyu3Xqx362M+umKVO4foD6zPH7jKlOc=</latexit>�sp

<latexit sha1_base64="ZpeMfF84SkaLupPsqQ4uE0hN6Wo=">AAACDXicbVDLSgMxFM3UV62vqks3wSq0UMtMfW6Eohs3QgX7gE4dMmmmDU0mQ5IRytAfcOOvuHGhiFv37vwb08dCqwcuHM65l3vv8SNGlbbtLys1N7+wuJRezqysrq1vZDe36krEEpMaFkzIpo8UYTQkNU01I81IEsR9Rhp+/3LkN+6JVFSEt3oQkTZH3ZAGFCNtJC+7l+eeU4TcKxfgOcw7RbcIHfsuOTgcFtziteeKjtBeNmeX7DHgX+JMSQ5MUfWyn25H4JiTUGOGlGo5dqTbCZKaYkaGGTdWJEK4j7qkZWiIOFHtZPzNEO4bpQMDIU2FGo7VnxMJ4koNuG86OdI9NeuNxP+8VqyDs3ZCwyjWJMSTRUHMoBZwFA3sUEmwZgNDEJbU3ApxD0mEtQkwY0JwZl/+S+rlknNSOr45ylUupnGkwQ7YBXnggFNQAVegCmoAgwfwBF7Aq/VoPVtv1vukNWVNZ7bBL1gf3yvVl+U=</latexit>

(m1,m2) = (1, 10�3)M�

with Einstein Telescope

https://arxiv.org/abs/2207.07576
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Nature of Dark Matter

[Hannuksela, Ng & Li, 1906.11845] [See also Bertone, Coogan, Gaggero, BJK & Weniger, 1905.01238] 

Red regions would be ruled out by observation of a DM spike!
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Multimessenger QCD Axions
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<latexit sha1_base64="nEfmXARsNYYogTcI0iRFl6gGocc=">AAAB+XicbVDLSgMxFL3js9bXqEs3g0VwY5mpgi5LdVEXhQr2Ae1QMmnahiaZIckUytA/ceNCEbf+iTv/xkw7C209EDiccy/35AQRo0q77re1tr6xubWd28nv7u0fHNpHx00VxhKTBg5ZKNsBUoRRQRqaakbakSSIB4y0gvFd6rcmRCoaiic9jYjP0VDQAcVIG6ln212O9Ejy5KFWqV7e12Y9u+AW3TmcVeJlpAAZ6j37q9sPccyJ0JghpTqeG2k/QVJTzMgs340ViRAeoyHpGCoQJ8pP5slnzrlR+s4glOYJ7czV3xsJ4kpNeWAm05xq2UvF/7xOrAe3fkJFFGsi8OLQIGaODp20BqdPJcGaTQ1BWFKT1cEjJBHWpqy8KcFb/vIqaZaK3lWx9HhdKFeyOnJwCmdwAR7cQBmqUIcGYJjAM7zCm5VYL9a79bEYXbOynRP4A+vzB7Gdkwo=</latexit>

NS
<latexit sha1_base64="JqqCBGkvhUcr1FlAc0j+0qnxCXE=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cSUV7QOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/nZXVtfWNzdJWeXtnd2+/cnDYNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxTe53npg2XMlHmCQsiMlQ8ohTAlbyezGBkY6zu4dpv1J1a+4MeJl4BamiAs1+5as3UDSNmQQqiDG+5yYQZEQDp4JNy73UsITQMRky31JJYmaCbBZ5ik+tMsCR0vZJwDP190ZGYmMmcWgn84hm0cvF/zw/hegqyLhMUmCSzj+KUoFB4fx+POCaURATSwjV3GbFdEQ0oWBbKtsSvMWTl0m7XvPOa/X7i2rjuqijhI7RCTpDHrpEDXSLmqiFKFLoGb2iNwecF+fd+ZiPrjjFzhH6A+fzB4i4kWo=</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

a
<latexit sha1_base64="wqZLPcGml9Og5FDdUdFUNWEF4FE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxKuM6Q==</latexit>

[See also 1803.08230, 1804.03145,  
1811.01020, 1910.11907]

Consider a DM spike consisting of QCD axions ( ):ma ∈ [10−7, 10−5] eV
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[Edwards, Chianese, BJK, Nissanke & Weniger, 1905.04686]

Tom Edwards

https://arxiv.org/abs/1803.08230
https://arxiv.org/abs/1804.03145
https://arxiv.org/abs/1811.01020
https://arxiv.org/abs/1910.11907
https://arxiv.org/abs/1905.04686
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Black Hole Environments

Black Holes (BHs) are extreme environments allowing us to probe high densities, long timescales…

Particle Dark Matter  
‘Spikes’ or ‘Dresses’

‘Gravitational Atoms’ of 
Ultralight Bosons

Baryonic  
Accretion Disks
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Gravitational Atoms

[See also Baumann et al., 1804.03208, 1908.10370, 1912.04932]

<latexit sha1_base64="wM5jDW8emqQQVnLFH+VlB4queVs=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuwqSkNt0VdOGygn1AG8pkOmmGziRhZiKU0F9w40IRt/6QO//GSVtBRQ9cOJxzL/feE6ScKY3Qh7W2vrG5tV3aKe/u7R8cVo6OuyrJJKEdkvBE9gOsKGcx7WimOe2nkmIRcNoLpleF37unUrEkvtOzlPoCT2IWMoJ1IQ3TiI0qVWR7yHWadYhs1/EaNdcQVK+5XhM6NlqgClZojyrvw3FCMkFjTThWauCgVPs5lpoRTuflYaZoiskUT+jA0BgLqvx8cescnhtlDMNEmoo1XKjfJ3IslJqJwHQKrCP12yvEv7xBpkPPz1mcZprGZLkozDjUCSweh2MmKdF8ZggmkplbIYmwxESbeMomhK9P4f+kW7OdS9u9daut61UcJXAKzsAFcEADtMANaIMOICACD+AJPFvCerRerNdl65q1mjkBP2C9fQKMII6b</latexit>

�

[Baumann, Bertone, Stout & Tomaselli, 2206.01212, 2112.14777; 
Tomaselli, Spieksma & Bertone, 2305.15460]

[See Gimmy’s talk this afternoon]

Gimmy Tomaselli

https://arxiv.org/abs/1804.03208
https://arxiv.org/abs/1908.10370
https://arxiv.org/abs/1912.04932
https://arxiv.org/abs/2206.01212
https://arxiv.org/abs/2112.14777
https://arxiv.org/abs/2305.15460


26

Accretion Disks

Baryonic  
Accretion Disks

Risk of confusion between New Physics and accretion disks?

[Derdzinski et al., 2005.11333]

Many possible geometries and parameters,  
but focus on dense, thin disks.

Dominant cause of dephasing is not 
dynamical friction but gas torques.  

Perturbation of the disk leads to a build up of 
gas inward or outward of the inspiraling BH.

Dependence of energy losses on BH 
separation is different from DM spikes!

https://arxiv.org/abs/2005.11333%5D
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Discriminability [Cole, Bertone, Coogan, Gaggero, Karydas, BJK, 
Spieksma, Tomaselli, 2211.01362, Nature Astronomy]

[See Pippa’s talk yesterday]

Signals very hard to confuse in 1 year of LISA data (huge Bayes factors!)

<latexit sha1_base64="N0cCAJJIr+CNMYX53Ob9FlIhPeQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSx147KCfUATwmQ6aYdOZsLMRKgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45YcKo0o7zbS0tr6yurVc2qptb2zu79t5+R4lUYtLGggnZC5EijHLS1lQz0kskQXHISDcc3xR+94FIRQW/15OE+DEachpRjLSRAvvQY2IYZK6TezHSI4xY1swDu+bUnSngInFLUgMlWoH95Q0ETmPCNWZIqb7rJNrPkNQUM5JXvVSRBOExGpK+oRzFRPnZNH0OT4wygJGQ5nENp+rvjQzFSk3i0EwWEdW8V4j/ef1UR9d+RnmSasLx7FCUMqgFLKqAAyoJ1mxiCMKSmqwQj5BEWJvCqqYEd/7Li6RzVncv6xd357VGs6yjAo7AMTgFLrgCDXALWqANMHgEz+AVvFlP1ov1bn3MRpescucA/IH1+QN7xpVD</latexit>

log10 B

Pippa Cole

https://arxiv.org/abs/2211.01362
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BH and Spike Formation

Use semi-analytic galaxy formation models or 
simulations to study the properties of Direct 
Collapse Black Holes and the halos they form in.

[Volonteri et al., 2110.10175]

[Dunn et al., 1803.01007]

[Work in progress with Gianfranco Bertone, Daniele Gaggero, Renske Wierda, Leon Kamermans, Abram Perez, Pratika Dayal, & others]

Carefully model the evolution of DM 
through the formation of the DCBH and 
subsequent growth by accretion.

How common are DM spikes around 
DCBHs, and what are their properties?

https://arxiv.org/abs/2110.10175
https://arxiv.org/abs/1803.01007
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Simulations

°100 0 100
x [risco]

°150

°100

°50

0

50

100

150

y
[r

is
co

]

<latexit sha1_base64="qSluaidCSq7xCjvF6QnAt515izs=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsxIUVdS0IUboaJ9QGcYMmmmDU0yQ5IRyzC/4saFIm79EXf+jZm2C209EDiccy/35IQJo0o7zrdVWlldW98ob1a2tnd29+z9akfFqcSkjWMWy16IFGFUkLammpFeIgniISPdcHxV+N1HIhWNxYOeJMTnaChoRDHSRgrsqndPhxwFHkd6JHl2fZsHds2pO1PAZeLOSQ3M0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG84qWKJAiP0ZD0DRWIE+Vn0+w5PDbKAEaxNE9oOFV/b2SIKzXhoZksIqpFrxD/8/qpji78jIok1UTg2aEoZVDHsCgCDqgkWLOJIQhLarJCPEISYW3qqpgS3MUvL5POad09qzfuGrXm5byOMjgER+AEuOAcNMENaIE2wOAJPINX8Gbl1ov1bn3MRkvWfOcA/IH1+QMeF5R+</latexit>

⌃DM

<latexit sha1_base64="tHhyn4U3oabxHIZoT4G2vAj2Mc8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjpbpRCrpwo1SwD2jHIZOmbWiSGZKMUIfir7hxoYhb/8Odf2OmnYW2HggczrmXe3KCiFGlHefbyi0sLi2v5FcLa+sbm1v29k5DhbHEpI5DFspWgBRhVJC6ppqRViQJ4gEjzWB4kfrNByIVDcWdHkXE46gvaI9ipI3k23s3focjPZA8ubwewzPoOvcV3y46JWcCOE/cjBRBhppvf3W6IY45ERozpFTbdSLtJUhqihkZFzqxIhHCQ9QnbUMF4kR5yST9GB4apQt7oTRPaDhRf28kiCs14oGZTJOqWS8V//Pase6degkVUayJwNNDvZhBHcK0CtilkmDNRoYgLKnJCvEASYS1KaxgSnBnvzxPGsclt1Iq35aL1fOsjjzYBwfgCLjgBFTBFaiBOsDgETyDV/BmPVkv1rv1MR3NWdnOLvgD6/MHnJ2UBQ==</latexit>
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Eventually need to expand and verify our description of dynamical friction and feedback in 
the DM spike (also include anisotropy, accretion, post-Newtonian corrections…)

NbodyIMRI: N-body solver tailored to DM spikes
[Code here: github.com/bradkav/NbodyIMRI]

https://github.com/bradkav/NbodyIMRI
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Search Strategies
?

• Detect GW signal close to merger 
(where dephasing is small) then ‘track 
back’ through the data (as dephasing 
increases) 

• Use ‘generalised inspiral’ waveforms to 
parametrise the dephasing 

• Use tools from continuous-wave 
searches, breaking the inspiral into 
‘chunks’ and looking for quasi-
monochromatic signals in each chunk  
(e.g. Hough transform)

[Chia & Edwards, 2004.06729]

Possible options:

[Guo & Miller, 2205.10359]
Map ?f(t) → ( f, ·f )

https://arxiv.org/abs/2004.06729
https://arxiv.org/abs/2205.10359
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A Collective Effort

Gianfranco Bertone 
(GRAPPA, Amsterdam)

Pippa Cole  
(GRAPPA, Amsterdam)

Adam Coogan 
(Mila, Montreal)

Jose Maria Diego  
(IFCA, Santander)

Daniele Gaggero  
(IFT, Madrid)

Francesca Scarcella 
(IFT, Madrid)

Pratibha Jangra  
(IFCA, Santander)

David Nichols 
(U. Virginia)

Theophanes Karydas 
(GRAPPA, Amsterdam)

Abram Perez Herrero 
(IFCA, Santander)

Alessandro Parisi 
(GRAPPA, Amsterdam)

Ismini Andrianou 
(GRAPPA, Amsterdam)

Gimmy Tomaselli 
(GRAPPA, Amsterdam)

Renske Wierda 
(GRAPPA, Amsterdam)

Leon Kamermans 
(GRAPPA, Amsterdam)

…and others…

Tom Edwards 
(Johns Hopkins)

Samaya Nissanke 
(GRAPPA, Amsterdam)

Daniel Baumann 
(GRAPPA, Amsterdam)
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A Collective Effort
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Fuel for Science
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Conclusions

Understanding Black Hole environments represents both a 
great challenge and a great opportunity for future GW 
searches. 

A true GRAPPA problem: General Relativity, Gravitational 
Waves, Accretion, Dark Matter, complex data analysis.  
 
Many problems and questions still to tackle!  

Many great people working hard with and within GRAPPA to 
solve them!
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GW Probes of Dark Matter
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[Bertone, Croon, et al (including BJK), 1907.10610]

https://arxiv.org/abs/1907.10610
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DM Spikes Energy Conservation

Q: How much energy is available 
for dynamical friction?

�r
<latexit sha1_base64="QpcN/3U1wGtHmtjp7awE3AtsZ1Y=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFPXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8MOME/YgOJA85o8ZK7e4tCkOJ6pXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiIijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIM6NICBgGd4hTfn0Xlx3p2PeeuKk88cwR84nz+Mh4+i</latexit>

A: Binding energy of DM 
 over radius  ΔUDM Δr

�sp [M� pc�3]
<latexit sha1_base64="8v00vK1oWk7QSBkNh7KxOiSCjUI=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARXGhNWkFxVXDjRqhgL9DEMJlM2qGTTJiZCCXkMdz4Km5cKOK2O9/GSVtBWw8MfPz/Ocw5vxczKpVpfhmFpeWV1bXiemljc2t7p7y715Y8EZi0MGdcdD0kCaMRaSmqGOnGgqDQY6TjDa9zv/NIhKQ8ulejmDgh6kc0oBgpLbnlM1sMuGuHSA1EmMo4g/ZJ79a1uc+Vxh8jxtlDelrPHLdcMavmpOAiWDOogFk13fLY9jlOQhIpzJCUPcuMlZMioShmJCvZiSQxwkPUJz2NEQqJdNLJYRk80ooPAy70ixScqL8nUhRKOQo93ZkvKue9XPzP6yUquHRSGsWJIhGefhQkDCoO85SgTwXBio00ICyo3hXiARIIK51lSYdgzZ+8CO1a1apXa3fnlcbVLI4iOACH4BhY4AI0wA1oghbA4Am8gDfwbjwbr8aH8TltLRizmX3wp4zxNyc+oG0=</latexit>

mIMBH = 104 M�

mNS = 1 M�

<latexit sha1_base64="Kct/5Zcxe5oT3FcKlI6YrQTAq0I="></latexit>

mIMBH = 103 M�

mNS = 1 M�

<latexit sha1_base64="Hs1adfCeIF4dkK/w+rdi4jY94os="></latexit>

Ratio of work done by 
dynamical friction to 

total binding energy of 
the spike
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Self-consistent Evolution

�f(E) = �pEf(E)+
� �

E
E � �E

�5/2

f(E � �E)PE��E(�E) d�E

<latexit sha1_base64="Qz1xskmeLn74RCIxVtP5hPBJqdQ="></latexit>

Assuming everything evolves slowly compared to the orbital period:

- probability for a particle with energy      to 
 scatter and receive a ‘kick’ 

E
<latexit sha1_base64="v+Xo9HH6BivoZdY7vVFPC7S72KY=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRItPjZSEMFlBfuANJTJdNIOnUzCzI1QQj/DjQtF3Po17vwbJ2kQtR4YOJxzL3Pu8WPBNdj2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0lirI2jUSkej7RTHDJ2sBBsF6sGAl9wbr+5Drzuw9MaR7Je5jGzAvJSPKAUwJGcvshgTElIr2ZDao1u27nwIvEKUgNFWgNqh/9YUSTkEmggmjtOnYMXkoUcCrYrNJPNIsJnZARcw2VJGTaS/PIM3xklCEOImWeBJyrPzdSEmo9DX0zmUXUf71M/M9zEwguvJTLOAEm6fyjIBEYIpzdj4dcMQpiagihipusmI6JIhRMS5W8hMsMZ98nL5LOSd05rTfuGrXmVVFHGR2gQ3SMHHSOmugWtVAbURShR/SMXiywnqxX620+WrKKnX30C9b7F45IkY8=</latexit>

�E
<latexit sha1_base64="TQHpyOy5fNTDu6tH6hZ5oSmwrE0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUm1+NhIQQWXFewDmlAm00k7dPJgZqKU2E9x40IRt36JO//GSRpErQcGDufcyz1z3IgzqSzr0ygsLC4trxRXS2vrG5tbZnm7LcNYENoiIQ9F18WSchbQlmKK024kKPZdTjvu+CL1O3dUSBYGt2oSUcfHw4B5jGClpb5Zti8pV9j2sRoRzJOrad+sWFUrA5ontZxUIEezb37Yg5DEPg0U4VjKXs2KlJNgoRjhdFqyY0kjTMZ4SHuaBtin0kmy6FO0r5UB8kKhX6BQpv7cSLAv5cR39WQaUf71UvE/rxcr79RJWBDFigZkdsiLOVIhSntAAyYoUXyiCSaC6ayIjLDAROm2SlkJZymOv788T9qH1dpRtX5TrzTO8zqKsAt7cAA1OIEGXEMTWkDgHh7hGV6MB+PJeDXeZqMFI9/ZgV8w3r8AdOWUQg==</latexit>

- total probability for a particle with 
energy     to scatterE

<latexit sha1_base64="v+Xo9HH6BivoZdY7vVFPC7S72KY=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRItPjZSEMFlBfuANJTJdNIOnUzCzI1QQj/DjQtF3Po17vwbJ2kQtR4YOJxzL3Pu8WPBNdj2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0lirI2jUSkej7RTHDJ2sBBsF6sGAl9wbr+5Drzuw9MaR7Je5jGzAvJSPKAUwJGcvshgTElIr2ZDao1u27nwIvEKUgNFWgNqh/9YUSTkEmggmjtOnYMXkoUcCrYrNJPNIsJnZARcw2VJGTaS/PIM3xklCEOImWeBJyrPzdSEmo9DX0zmUXUf71M/M9zEwguvJTLOAEm6fyjIBEYIpzdj4dcMQpiagihipusmI6JIhRMS5W8hMsMZ98nL5LOSd05rTfuGrXmVVFHGR2gQ3SMHHSOmugWtVAbURShR/SMXiywnqxX620+WrKKnX30C9b7F45IkY8=</latexit>

PE(�E)

<latexit sha1_base64="OeC0AcDNxTWpVl8kJlJtYQCp2dc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgl0WH+Cygn1AE8JkOmmHTiZhZiKUkL0bf8WNC0Xc+gPu/BsnbRbaeuDC4Zx7ufceP2ZUKsv6Nkpr6xubW+Xtys7u3v6BeXjUk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/gMRkkb8Xs1i4oZozGlAMVJa8sxqx0udEKkJRiy9ybK6c02YQr+kM8+sWQ1rDrhK7ILUQIGOZ345owgnIeEKMyTl0LZi5aZIKIoZySpOIkmM8BSNyVBTjkIi3XT+SwZPtTKCQSR0cQXn6u+JFIVSzkJfd+Y3ymUvF//zhokKWm5KeZwowvFiUZAwqCKYBwNHVBCs2EwThAXVt0I8QQJhpeOr6BDs5ZdXSe+8YTcbrbtmrX1ZxFEGJ6AK6sAGF6ANbkEHdAEGj+AZvII348l4Md6Nj0VryShmjsEfGJ8/OsObLg==</latexit>

pE =

�
PE(�E) d�E

<latexit sha1_base64="75YkuFzKke/rBOZhWvZlAK3tw9A=">AAACPXicbVDLSsNAFJ34rPUVdelmsAgVpCRSsBuh+ACXFfqCJoTJZNoOnTyYmQgl5Mfc+A/u3LlxoYhbt07SLGrrgYEz59zLvfe4EaNCGsartrK6tr6xWdoqb+/s7u3rB4ddEcYckw4OWcj7LhKE0YB0JJWM9CNOkO8y0nMnN5nfeyRc0DBoy2lEbB+NAjqkGEklOXo7ciwfyTFGLLlL4RW0aCBhy0nm1LRq3RIm0Zx0Zp3nP+4nXrrkOnrFqBk54DIxC1IBBVqO/mJ5IY59EkjMkBAD04iknSAuKWYkLVuxIBHCEzQiA0UD5BNhJ/n1KTxVigeHIVdP7Z6r8x0J8oWY+q6qzFYUi14m/ucNYjls2AkNoliSAM8GDWMGZQizKKFHOcGSTRVBmFO1K8RjxBGWKvCyCsFcPHmZdC9qZr3WeKhXmtdFHCVwDE5AFZjgEjTBPWiBDsDgCbyBD/CpPWvv2pf2PStd0YqeI/AH2s8vq3uwKg==</latexit>

Torb
df(E)

dt

<latexit sha1_base64="bYgAvA08VqqdNhq/h1naZBrne3E=">AAACJXicbVDLSsNAFJ34rPUVdelmsBTqpiRSUMFFUQSXFfqCJoTJZNIOnTyYmQgl5Gfc+CtuXFhEcOWvOEkr1NYDA4dz5nLvOW7MqJCG8aWtrW9sbm2Xdsq7e/sHh/rRcVdECcekgyMW8b6LBGE0JB1JJSP9mBMUuIz03PFd7veeCBc0CttyEhM7QMOQ+hQjqSRHv2k7VoDkiAdpxN0MWj5HOP2VvMyvFRwjlt5n59mCIzPo6BWjbhSAq8SckwqYo+XoU8uLcBKQUGKGhBiYRiztFHFJMSNZ2UoEiREeoyEZKBqigAg7LVJmsKoUD/oRVy+UsFAXJ1IUCDEJVIhqfqRY9nLxP2+QSP/KTmkYJ5KEeLbITxiUEcwrgx7lBEs2UQRhTtWtEI+Q6kmqYsuqBHM58irpXtTNRv36sVFp3s7rKIFTcAZqwASXoAkeQAt0AAbP4BW8g6n2or1pH9rn7OuaNp85AX+gff8AkIynKg==</latexit>
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Self-consistent Evolution

�f(E) = �pEf(E)+
� �

E
E � �E

�5/2

f(E � �E)PE��E(�E) d�E

<latexit sha1_base64="Qz1xskmeLn74RCIxVtP5hPBJqdQ="></latexit>

Particles scattering from 

Particles scattering from 
E � �E � E

<latexit sha1_base64="YwXPE5f0o9f1nlSxboiM74L6R9o=">AAACInicbZDJSgNBEIZ7XGPcRj16aQyCF4cZ91wkoIJHBaNCZgg1nU7SpGehu0YJQ57Fi6/ixYOingQfxk4MEpcfGn6+qqKr/jCVQqPrvltj4xOTU9OFmeLs3PzCor20fKmTTDFeZYlM1HUImksR8yoKlPw6VRyiUPKrsHPUr1/dcKVFEl9gN+VBBK1YNAUDNKhul/0IsM1A5ic9ukmpf8wlAh2hvhKtNoJSye0opnW75DruQNR1dl2vvOfRb+INTYkMdVa3X/1GwrKIx8gkaF3z3BSDHBQKJnmv6Geap8A60OI1Y2OIuA7ywYk9um5IgzYTZV6MdEBHJ3KItO5Goens76h/1/rwv1otw+ZBkIs4zZDH7OujZiYpJrSfF20IxRnKrjHAlDC7UtYGBQxNqkUTgvf75L/mcsvxtp2t851S5XAYR4GskjWyQTyyTyrklJyRKmHkjjyQJ/Js3VuP1ov19tU6Zg1nVsgPWR+fUbGkLA==</latexit>

E � E + �E
<latexit sha1_base64="3S9KZtrclQ+DjXJlpegGsLXw11o=">AAACIXicdZDLSsNAFIYnXmu9RV26GSyCIJS0CnYlBRVcVrAXaEo5mU7boZNMmDlRSuiruPFV3LhQpDvxZUzaCvV2YODn+8/hnPm9UAqDjvNuLSwuLa+sZtay6xubW9v2zm7NqEgzXmVKKt3wwHApAl5FgZI3Qs3B9ySve4OL1K/fcW2ECm5xGPKWD71AdAUDTFDbLrk+YJ+BjK9G1NWi10fQWt3TeX5M3UsuEeZh284V8s6kqPNLfFk5MqtK2x67HcUinwfIJBjTLDghtmLQKJjko6wbGR4CG0CPNxMZgM9NK578cEQPE9KhXaWTFyCd0PmJGHxjhr6XdKYnmp9eCv/ymhF2S61YBGGEPGDTRd1IUlQ0jYt2hOYM5TARwLRIbqWsDxoYJqFm50P4X9SK+cJJvnhzmiufz+LIkH1yQI5IgZyRMrkmFVIljDyQJ/JCXq1H69l6s8bT1gVrNrNHvpX18QnfX6Pr</latexit>

Assuming everything evolves slowly compared to the orbital period:

- probability for a particle with energy      to 
 scatter and receive a ‘kick’ 

E
<latexit sha1_base64="v+Xo9HH6BivoZdY7vVFPC7S72KY=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRItPjZSEMFlBfuANJTJdNIOnUzCzI1QQj/DjQtF3Po17vwbJ2kQtR4YOJxzL3Pu8WPBNdj2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0lirI2jUSkej7RTHDJ2sBBsF6sGAl9wbr+5Drzuw9MaR7Je5jGzAvJSPKAUwJGcvshgTElIr2ZDao1u27nwIvEKUgNFWgNqh/9YUSTkEmggmjtOnYMXkoUcCrYrNJPNIsJnZARcw2VJGTaS/PIM3xklCEOImWeBJyrPzdSEmo9DX0zmUXUf71M/M9zEwguvJTLOAEm6fyjIBEYIpzdj4dcMQpiagihipusmI6JIhRMS5W8hMsMZ98nL5LOSd05rTfuGrXmVVFHGR2gQ3SMHHSOmugWtVAbURShR/SMXiywnqxX620+WrKKnX30C9b7F45IkY8=</latexit>

�E
<latexit sha1_base64="TQHpyOy5fNTDu6tH6hZ5oSmwrE0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUm1+NhIQQWXFewDmlAm00k7dPJgZqKU2E9x40IRt36JO//GSRpErQcGDufcyz1z3IgzqSzr0ygsLC4trxRXS2vrG5tbZnm7LcNYENoiIQ9F18WSchbQlmKK024kKPZdTjvu+CL1O3dUSBYGt2oSUcfHw4B5jGClpb5Zti8pV9j2sRoRzJOrad+sWFUrA5ontZxUIEezb37Yg5DEPg0U4VjKXs2KlJNgoRjhdFqyY0kjTMZ4SHuaBtin0kmy6FO0r5UB8kKhX6BQpv7cSLAv5cR39WQaUf71UvE/rxcr79RJWBDFigZkdsiLOVIhSntAAyYoUXyiCSaC6ayIjLDAROm2SlkJZymOv788T9qH1dpRtX5TrzTO8zqKsAt7cAA1OIEGXEMTWkDgHh7hGV6MB+PJeDXeZqMFI9/ZgV8w3r8AdOWUQg==</latexit>

- total probability for a particle with 
energy     to scatterE

<latexit sha1_base64="v+Xo9HH6BivoZdY7vVFPC7S72KY=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRItPjZSEMFlBfuANJTJdNIOnUzCzI1QQj/DjQtF3Po17vwbJ2kQtR4YOJxzL3Pu8WPBNdj2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0lirI2jUSkej7RTHDJ2sBBsF6sGAl9wbr+5Drzuw9MaR7Je5jGzAvJSPKAUwJGcvshgTElIr2ZDao1u27nwIvEKUgNFWgNqh/9YUSTkEmggmjtOnYMXkoUcCrYrNJPNIsJnZARcw2VJGTaS/PIM3xklCEOImWeBJyrPzdSEmo9DX0zmUXUf71M/M9zEwguvJTLOAEm6fyjIBEYIpzdj4dcMQpiagihipusmI6JIhRMS5W8hMsMZ98nL5LOSd05rTfuGrXmVVFHGR2gQ3SMHHSOmugWtVAbURShR/SMXiywnqxX620+WrKKnX30C9b7F45IkY8=</latexit>

PE(�E)

<latexit sha1_base64="OeC0AcDNxTWpVl8kJlJtYQCp2dc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgl0WH+Cygn1AE8JkOmmHTiZhZiKUkL0bf8WNC0Xc+gPu/BsnbRbaeuDC4Zx7ufceP2ZUKsv6Nkpr6xubW+Xtys7u3v6BeXjUk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/gMRkkb8Xs1i4oZozGlAMVJa8sxqx0udEKkJRiy9ybK6c02YQr+kM8+sWQ1rDrhK7ILUQIGOZ345owgnIeEKMyTl0LZi5aZIKIoZySpOIkmM8BSNyVBTjkIi3XT+SwZPtTKCQSR0cQXn6u+JFIVSzkJfd+Y3ymUvF//zhokKWm5KeZwowvFiUZAwqCKYBwNHVBCs2EwThAXVt0I8QQJhpeOr6BDs5ZdXSe+8YTcbrbtmrX1ZxFEGJ6AK6sAGF6ANbkEHdAEGj+AZvII348l4Md6Nj0VryShmjsEfGJ8/OsObLg==</latexit>

pE =

�
PE(�E) d�E

<latexit sha1_base64="75YkuFzKke/rBOZhWvZlAK3tw9A=">AAACPXicbVDLSsNAFJ34rPUVdelmsAgVpCRSsBuh+ACXFfqCJoTJZNoOnTyYmQgl5Mfc+A/u3LlxoYhbt07SLGrrgYEz59zLvfe4EaNCGsartrK6tr6xWdoqb+/s7u3rB4ddEcYckw4OWcj7LhKE0YB0JJWM9CNOkO8y0nMnN5nfeyRc0DBoy2lEbB+NAjqkGEklOXo7ciwfyTFGLLlL4RW0aCBhy0nm1LRq3RIm0Zx0Zp3nP+4nXrrkOnrFqBk54DIxC1IBBVqO/mJ5IY59EkjMkBAD04iknSAuKWYkLVuxIBHCEzQiA0UD5BNhJ/n1KTxVigeHIVdP7Z6r8x0J8oWY+q6qzFYUi14m/ucNYjls2AkNoliSAM8GDWMGZQizKKFHOcGSTRVBmFO1K8RjxBGWKvCyCsFcPHmZdC9qZr3WeKhXmtdFHCVwDE5AFZjgEjTBPWiBDsDgCbyBD/CpPWvv2pf2PStd0YqeI/AH2s8vq3uwKg==</latexit>

Torb
df(E)

dt

<latexit sha1_base64="bYgAvA08VqqdNhq/h1naZBrne3E=">AAACJXicbVDLSsNAFJ34rPUVdelmsBTqpiRSUMFFUQSXFfqCJoTJZNIOnTyYmQgl5Gfc+CtuXFhEcOWvOEkr1NYDA4dz5nLvOW7MqJCG8aWtrW9sbm2Xdsq7e/sHh/rRcVdECcekgyMW8b6LBGE0JB1JJSP9mBMUuIz03PFd7veeCBc0CttyEhM7QMOQ+hQjqSRHv2k7VoDkiAdpxN0MWj5HOP2VvMyvFRwjlt5n59mCIzPo6BWjbhSAq8SckwqYo+XoU8uLcBKQUGKGhBiYRiztFHFJMSNZ2UoEiREeoyEZKBqigAg7LVJmsKoUD/oRVy+UsFAXJ1IUCDEJVIhqfqRY9nLxP2+QSP/KTmkYJ5KEeLbITxiUEcwrgx7lBEs2UQRhTtWtEI+Q6kmqYsuqBHM58irpXtTNRv36sVFp3s7rKIFTcAZqwASXoAkeQAt0AAbP4BW8g6n2or1pH9rn7OuaNp85AX+gff8AkIynKg==</latexit>
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Scattering Probability

Two body scattering problem relates 
energy exchange to impact parameter:

r2
<latexit sha1_base64="s1e16kYsqY77ItgbVrjI+AG2yH8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqqXqRghePFe0HtKFstpt26WYTdjdCCf0JXjwo4tVf5M1/4yYNotYHA4/3ZpiZ50WcKW3bn1ZhZXVtfaO4Wdra3tndK+8fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa9Tv/tApWKhuNeziLoBHgvmM4K1ke7ksDYsV+yqnQEtEycnFcjRGpY/BqOQxAEVmnCsVN+xI+0mWGpGOJ2XBrGiESZTPKZ9QwUOqHKT7NQ5OjHKCPmhNCU0ytSfEwkOlJoFnukMsJ6ov14q/uf1Y+1fuAkTUaypIItFfsyRDlH6NxoxSYnmM0MwkczcisgES0y0SaeUhXCZovH98jLp1KrOWbV+W680r/I4inAEx3AKDpxDE26gBW0gMIZHeIYXi1tP1qv1tmgtWPnMIfyC9f4FG/aNzw==</latexit>

b
<latexit sha1_base64="nbAw+/+y3J2vEuNifh27ybXcrB8=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYUaDy0UCXjwmYBZIhtDTqSRteha6e4Qw5Au8eFDEq5/kzb+xZzKIGh8UPN6roqqeFwmutG1/WkvLK6tr64WN4ubW9s5uaW+/pcJYMmyyUISy41GFggfY1FwL7EQSqe8JbHuTm9RvP6BUPAzu9DRC16ejgA85o9pIDa9fKtsVOwNZJE5OypCj3i999AYhi30MNBNUqa5jR9pNqNScCZwVe7HCiLIJHWHX0ID6qNwkO3RGjo0yIMNQmgo0ydSfEwn1lZr6nun0qR6rv14q/ud1Yz28dBMeRLHGgM0XDWNBdEjSr8mAS2RaTA2hTHJzK2FjKinTJptiFsJVivPvlxdJ67TinFWqjWq5dp3HUYBDOIITcOACanALdWgCA4RHeIYX6956sl6tt3nrkpXPHMAvWO9f3MeNGg==</latexit>

�E(b) = �2v2
0

�
1 +

b2v0
4

G2m2
2

��1

<latexit sha1_base64="xKxowm5TCX6AVFEJNA4mf9B1swQ="></latexit>

Code available online: github.com/bradkav/HaloFeedback 
(See also https://github.com/DMGW-Goethe/imripy) 

<latexit sha1_base64="DyFTxOp2OMWCkkplYZ6zlRu7+QI=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0Wom5JIUXFVsILLCPYBTQiT6bQdOkmGmYlQYv/Fjb/ixoVS3LjwX5y0WdTWAwOHc+5l7jkBZ1Qqy/o2CmvrG5tbxe3Szu7e/oF5eNSScSIwaeKYxaITIEkYjUhTUcVIhwuCwoCRdjC6zfz2ExGSxtGjGnPihWgQ0T7FSGnJN28c3w2RGmLE0rtJxW0QphBckM6hy0XMVQydSvC8aPhm2apaM8BVYuekDHI4vjl1ezFOQhIpzJCUXdviykuRUBQzMim5iSQc4REakK6mEQqJ9NJZxgk800oP9mOhX6TgTF3cSFEo5TgM9GR2o1z2MvE/r5uo/rWX0ognikR4/lE/YVAnzgqDPSoIVmysCcKC6lshHiKBsNK1lnQJ9nLkVdK6qNqX1dpDrVxv5HUUwQk4BRVggytQB/fAAU2AwQt4Ax/g03g13o2p8TUfLRj5zjH4A+PnF/AkpHg=</latexit>

PE(�E) / P (b|E)

NS/BH

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

b

Scattering probability becomes a 
geometric problem:

https://github.com/bradkav/HaloFeedback
https://github.com/DMGW-Goethe/imripy

